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Fast-slow systems

Let Ẏ = g(Y ) be some chaotic ODE with state space Λ and
ergodic invariant measure µ. We consider fast-slow systems of the
form

dX (ε)

dt
= ε−1h(X (ε),Y (ε)) + f (X (ε),Y (ε))

dY (ε)

dt
= ε−2g(Y (ε)) ,

where ε� 1 and h, f : Re × Λ→ Re and
∫

h(·, y) µ(dy) = 0. Also
assume that Y (0) ∼ µ.

The aim is to characterize the distribution of X (ε) as ε→ 0.



Fast-slow systems as SDEs

Consider the simplified slow equation

dX (ε)

dt
= ε−1h(X (ε))v(Y (ε)) + f (X (ε))

where h : Re → Re×d and v : Λ→ Rd with
∫

v(y)µ(dy) = 0.

If we write W (ε)(t) = ε−1
∫ t
0 v(Y (ε)(s))ds then

X (ε)(t) = X (ε)(0) +

∫ t

0
h(X (ε)(s))dW (ε)(s) +

∫ t

0
f (X (ε)(s))ds

where the integral is of Riemann-Lebesgue type.



Invariance principle for W (ε)

We can write W (ε) as

W (ε)(t) = ε

∫ t/ε2

0
v(Y (s))ds = ε

bt/ε2c−1∑
j=0

∫ j+1

j
v(Y (s))ds

The assumptions on Y lead to decay of correlations for the
sequence

∫ j+1
j v(Y (s))ds.

One can show that W (ε) ⇒W in the sup-norm topology, where
W is a multiple of Brownian motion.



What about the SDE?

Since

X (ε)(t) = X (ε)(0) +

∫ t

0
h(X (ε)(s))dW (ε)(s) +

∫ t

0
f (X (ε)(s))ds

This suggest a limiting SDE

X (t) = X (0) +

∫ t

0
h(X (s)) ? dW (s) +

∫ t

0
f (X (s))ds

But how should we interpret ?dW ?



Continuity of the solution map

The solution map takes “noisy path space” to “solution space”

Φ : W (ε) 7→ X (ε)

If this map were continuous then we could lift W (ε) ⇒W to
X (ε) ⇒ X .



We want to define a map Φ : U → X where U is a noisy path and

X (t) = X (0) +

∫ t

0
h(X (s))dU(s) +

∫ t

0
f (X (s))ds

This is problematic for two reasons.

1 - The solution map Φ is only defined for differentiable noise.
But W (ε) ⇒W and Brownian motion is not differentiable.

2 - Any attempt to define an extension of Φ to Brownian-like
objects will fail to be continuous. ie. We can find a sequence
W n ⇒W but Φ(W n) 6⇒ Φ(W ).

The lesson is, we must use extra information about the noise to
construct a continuous extension.



Rough path theory (Lyons ‘97)

Suppose we are given a path U : [0,T ]→ Rd×d which is (formally)
an iterated integral

Uij(t)
def
=

∫ t

0
U i (s)dU j(s) .

Given U = (U,U) we can construct a solution

X (t) = X (0) +

∫ t

0
h(X (s))dU(s) +

∫ t

0
h(X (s))ds

The map
Φ : (U,U) 7→ X

is an extension of the classical solution map and is continuous
with respect to the “rough path topology”.



Convergence of fast-slow systems

If we let

Wij ,(ε)(t) =

∫ t

0
W i ,(ε)(r)dW j ,(ε)(r)

then X (ε) = Φ(W (ε),W(ε)).

Due to the continuity of Φ, if (W (ε),W(ε))⇒ (W ,W), then
X (ε) ⇒ X , where

X (t) = X (0) +

∫ t

0
h(X (s))dW(s) +

∫ t

0
h(X (s))ds

with W = (W ,W).



We have the following result

Theorem (K, Melbourne ‘14)

If the fast dynamics are “sufficiently chaotic”, then
(W (ε),W(ε))⇒ (W ,W) where W is a Brownian motion and

Wij(t) =

∫ t

0
W i (s)dW j(s) + λij t

where the integral is Ito type and

λij“ = ”

∫ ∞
0

Eµ(v i v j(Y (s)) ds .

Covij(W )“ = ”

∫ ∞
0

Eµ(v i v j(Y (s)) + v j v i (Y (s))) ds .



Homogenized equations

Corollary

Under the same assumptions as above, the slow dynamics
X (ε) ⇒ X where

dX = h(X )dW +

f (X ) +
∑
i ,j ,k

λij∂khi (X )hkj(X )

 dt .
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